Abstract-Application of the quadrature-difference method for solving Fredholm integro-differential equations (FIDEs) is presented in this paper. The FIDEs will be discretized by using the combinations of Simpsons quadrature rule with finite difference. The method converts the FIDEs to a matrix equation which corresponds to a system of linear algebraic equations. The formulation and the implementation of the proposed method are also presented. Several numerical examples are presented to illustrate the performance of the proposed method.
I. INTRODUCTION
Consider the first order of linear Fredholm integrodifferential equations (LFIDEs) as follows
with the initial condition, y(a) = y a for x, t [a, b] where the λ is a real parameter and the function p(x), g(x) and the kernel k(x, t) are known, while y(x) is the function to be determined. Integro-differential equation is an equation which is appears under the sign of integration and also contains the derivatives of the unknown function. The studies of linear Fredholm integro-differential equations (LFIDEs) are developed very rapidly in the recent years by many authors. Several numerical methods were used such as Sinc and Analytic functions [1] , Euler-Chebyshev method [2] , Wavelet-Galerkin method [3] , Tau method [4] , Lagrange interpolation method [5] , sine-cosine wavelets method [6] ,compact finite difference method [7] , rationalized Haar functions method [8] , variational iteration method [9] and [10] , Generalised minimal residual method (GMRES) [11] , Conjugate Gradient method [12] and quadrature-difference method [13] , [14] , [15] , [16] and [17] .
Other than that, Wavelets theory is a relatively new and an emergine area in mathematical research. Han Danfu introduced CAS Wavelet method to solve integro-differential equations [18] , P. Darania introduced a method for solve integrodifferential equations [19] and A. R. Vahidi introduced Adomian's Decomposition method for solving Fredholm integrodifferential equations [20] .
Basically, LFIDEs are difficult to solve analytically. Therefore, to obtain an approximate solution for problem (1) numerical approaches are used. For solving LFIDEs problems numerically, there are many schemes used by researchers in order to discretized the integral and differential parts into the system of linear algebraic equations.
In this paper, the combinations of quadrature-difference schemes namely repeated Simpson-finite difference of Gauss elimination (RS-FD (GE)) will be implemented to discretized problem (1) to generate system of linear equations. In addition, for solving linear algebraic equations which produced by the discretization of the first order LFIDEs by using quadrature and finite difference methods, Gauss Elimination will be used. It should be noted that we only report the numerical results of CAS Wavelets, differential transformation and the Adomian's Decomposition and we do not explain this methods.
II. QUADRATURE-DIFFERENCE METHOD
The formulation of the quadrature and finite difference methods are elaborated in this section.
A. Quadrature method
Quadrature method is applied to approximate the integral parts. In this study, we use Composite Simpson's method or also known as Repeated Simpson's method for n subintervals and it can be expressed as follows:
where x j = a + jh (j = 0, 1, 2, . . . , n) are the abscissas of the partition points of the integration in interval [a, b], a ≤ µ ≤ b and
is the error term of (2). The formulation of this approximation for problem (1) will be further discuss in the next subsection.
In (2), h is the constants step size, where it can be expressed as
n is the number of subintervals in the interval [a, b] and it is an even positive integer number.
So, if we use Repeated Simpson's rule with n subintervals, then the integration parts in LFIDEs (1) is approximated by
B. Finite difference method
For solving the first order LFIDEs, finite difference method (five-point formula) will be used to approximate the differential term. Five-point formula can be written with its error term as follows:
Forward difference (left endpoint),
for i = 1 and µ lies between x i and x i+4 .
Central difference (midpoint),
for i = 2, . . . , n − 2 and µ lies between x i−2 and x i+2 .
Backward difference (right endpoint),
for i = n − 1, n and µ lies between x i−4 and x i .
where h is the step size of the interval [a, b] . Therefore, equations (5), (6) and (7) will be used to discretized the differential term in first order LFIDEs.
C. Formulation of the Repeated Simpson's and Finite Difference
To generate the system of linear algebraic equations, equation in (4), (5), (6) and (7) will be substituted into (1). Now, let p(x)y(x) + g(x) = f (x) in (1) and substitute (4) into (1). Therefore,
Accordingly, for y i = y (x i ), = y (t i ), and k(x i , t j ) = k i,j , the relation in (8) becomes
where i = 1, 2, . . . , n.
Now we substitute Equations (5), (6) and (7) into (9), then we have
for i = 1.
for i = 2, . . . , n − 2.
for i = n − 1, n.
From Equations (10), (11) and (12), the system of linear algebraic equations for y 1 , y 2 , . . . , y n are generated. It can be shown in the matrix form
where where,
where K is a coefficient matrix, F is a given function and Y is a function to be determined. In order to solve a system of linear equations, Gauss Elimination or also known as backward substitution method will be used.
III. NUMERICAL RESULTS
The proposed method was tested in this section in order to evaluate the performance of the method through numerical examples of LFIDEs and the examples were performed by using algorithm in C language. In this paper, we consider the case where a = 0 and b = 1.
Example 1 [19] .
where
with the initial condition
and the exact solution
Example 2 [19] .
Example 3 [18] . Table I , II and III shows the results of the example 1, 2 and 3 which are solved by using the proposed method along with the comparison with other methods. For this case, we only consider N = 10 and h = 0.1. There is one parameter 
IV. CONCLUSION
In this study, the combinations of Repeated Simpson's rule with finite-difference method and Gauss elimination (RS-FD (GE)) was implemented to solve LFIDEs for first order. As a conclusion, we introduce RS-FD(GE) method as simple and efficient method. In future research, the concept of the proposed method can also be used for higher order of LFIDEs problems and the efficiency of the proposed method can be improved.
